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Résumé

This paper introduces a terminating tableau system for hybrid logic with the satisfaction operator,
HL(Q@), that does not need loop-checks. Differently from other calculi for HL(@) enjoying the same
property, termination does not rely on any specific — and sometimes complicated — tableau construction
procedure.
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1 Introduction

Hybrid logics extend modal logics with the possibility of naming states by means of a second sort of
propositional letters, called nominals, each of which is assumed to be true at exactly one state. Beyond
this basic feature, hybrid logics are equipped with different operators that endow them with a very rich
expressive power and make them well suited to reason on graph structures. In fact, one of the “hot”
applications of such logics in recent years concerns the so called semistructured databases [1], where data
are organized in a finite graph. Even the World Wide Web is often presented as a “giant” semistructured
database, where vertexes are uniquely defined by URLs and edges are hypertext links between them.

The logical operators that are peculiar to hybrid languages are the satisfaction operator, @, and the
binder, . These, beyond the modal operators, are the operators of the hybrid logic named HL(Q, ).
The satisfaction operator allows one to “jump” from the current state to a different one : if s is a nominal,
a formula of the form @, A means that A holds at the state named by s. The binder, on the contrary, binds
a state variable to the current world : | z.A is true if A is true when z is taken as the name of the current
state. For instance, if s is a nominal, the formula @00 | z.@Q,{x states that every state accessible from
a state accessible from s is also accessible directly from s (i.e. the accessibility relation is transitive w.r.t.
the state s).

The hybrid logic HL(@, |) is known to be undecidable (see, for instance, [2, 3, 7]), but some of
its sub-logics are decidable, in particular HL(@) (hybrid logic with the satisfaction operator). HL(@)
allows one to define many frame properties that are not definable in modal logics, such as, for instance,
irreflexivity, asymmetry and antisymmetry. The interest of H L(@) is due also to the fact that the satis-
fiability problem for a larger fragment of HL(@, |) can be reduced to H L(@) by means of satisfiability
preserving translations [7, 9].

The tableaux system for full (quantified) hybrid logic defined by Blackburn and Marx [4] does not
terminate even for formulae in HL(@), but recently some effort has been devoted to devise tableau
calculi that ensure termination in the case of decidable hybrid logics. Bolander and Braiiner [6] have
shown how to decide satisfiability in HL(@) (equipped also with the universal modality) by use of a
loop-checking mechanism during tableau construction.

This paper introduces a terminating tableau system for H L(@) that does not need loop-checks. Dif-
ferently from other calculi for H L(@) enjoying the same property [8, 9], termination does not rely on
any specific (and sometimes complicated) tableau construction procedure. In other terms, the calculus
enjoys a strong termination property. Moreover, the termination proof is quite simple and is based on
general properties of the system whose underlying intuition is easy to understand. As it will be pointed
out, the fundamental property ensuring termination fails with the (unrestricted) addition of the binder.

The essential differences among the tableau systems for hybrid logics defined in [4, 5, 6, 8, 9] concern
the possible use of prefixes and the way how “equalities” are treated, i.e. formulae of the form @ ;¢, where
s and ¢ are nominals, asserting that s and ¢ name the same state. The system presented in this paper is
similar to the calculus defined in [9], but with a modification in the formulation of the equality rule that
ensures termination independently of the tableau construction strategy.

2 Syntax and semantics of H L(@)

In this section, we present the syntax and semantics of the “uni-modal” version of HL(@), but
obviously it is straightforward to extend the definitions to the multimodal case.
Let Nom and P be disjoint sets of propositional letters. Elements of Nom are called nominals. We



shall use the letters s, ¢, u, v, possibly with indexes, as metavariables for nominals. An atom is an element
of Nom U P. The set of formulae in HL(@) is defined by the following grammar :

F:=p|~F | FAF | FVF | OF | 0F | Q,F

where p is an atom and s a nominal.

An interpretation M is a quadruple (W, R, N, I) where W is a non-empty set (whose elements are
called the states of the interpretation), R C W x W (called the accessibility relation), N is a function
Nom — W and I is a function W — 2F. We shall write wRw' as a shorthand for (w,w') € R.

If M = (W,R,N,I) is an interpretation, w € W and F' a formula, the relation M,w = F (M
satisfies F' at w) is inductively defined as follows :

1. MywlEpifpe I(w),forp € P.

M, w | sif N(s) = w.

M,w = -Fif M,w £ F.
M,wE=EFAGIfM,wE Fand M,w = G.

M,w = F VG if either M, w = F or M,w = G.

M, w |= OF if for each w' such that wRw', M, w' = F.
M, w [= OF if there exists w’ such that wRw’ and M, w' = F.
8. M,w = @,Aif M,N(s) = A.

A formula F' is satisfiable if there exist an interpretation M and a state w of M, such that M, w |= F.
Two formulae F' and G are logically equivalent (F' = G) iff for every interpretation M and state w of
M, M,w = Fifand only if M,w | G.

It is worth pointing out that, for any nominal s and formula F' :

N o gk~ WD

-Q,F = Q;—F -QF =0-F -0F = ¢-F

This allows one to restrict attention to formulae in negation normal form (where negation dominates only
atoms) withous loss of generality.

3 The tableau system for H L(@)

The tableau system we are now going to present “internalizes” prefixes, like in [4] and (partially) [9].
Tableau nodes are in fact labelled by sets of satisfaction statements, i.e. assertion of the form Q,F. A
formula of the form @, F' will be called labelled by s. For the sake of simplicity, we assume that formulae
are in negation normal form.

The initial tableau for a formula F is a node labelled by the singleton {@ F'}, where s is a new
nominal. @, F is called the initial formula of the tableau, and {@,F'} the initial set. Analogously, the
tableau for a set of satisfaction statements S is a node labelled by S (the initial set). If S is the initial set
of a tableau T, then T is said to be rooted at S.

Since we shall often need to refer to the set of nominals occurring in the initial set, we give it a name :
if T is a tableau rooted at S, then

Cr = {t | t is anominal occurring in S}



Each tableau branch is equipped with a function -y, that maps each nominal occurring in the branch
with a set of nominals, called its descendants. The function ~y is modified when the {-rule is applied and
is used by the rule treating equalities, i.e. formulae of the form @t where ¢ is a nominal. The function
~ associated to the single (one node) branch of an initial tableau 7" maps every nominal occurring in
the initial set to the empty set, i.e. y(s) = () for every nominal s € Cr (i.e. initially nominals have no
descendants).

A tableau node S is closed if either S contains @ p and @,—p for some nominal s and atom p, or it
contains @;—s for some nominal s. A node is open if it is not closed. A tableau branch is open if all its
nodes are open (otherwise it is closed) and it is complete if no rule can be applied to expand it further. A
tableau is closed if all its branch are closed, otherwise it is open.

In the sequel, sets of formulae will be written as comma separated sequences of formulae. The ex-
pansion rules are shown in Figure 1. The boolean, modal and label rules are called logical rules. In the
formulation of the rules, the function ~ associated to the expanded branch is not indicated explicitly,
since it only changes, as explained below, with applications of the {-rule.

Boolean Rules

Q,(FANG),S N Qs(FV@Q),S W)
A V
Q,F,@,G,Q,(FANG),S Q,F,Q,(FVG@G),S Q,G,Q,(FV@),S
Modal Rules Label Rule
Q,0F, @,0t, S - Q,0F, S ©) Q,QF, S
Q.F, Q,0F,Q,0t, S Q,0t, Q,F,Q,Q0F, S Q. F, Q,Q,F,S

where ¢ is a nominal
new in the branch

Equality Rule

Qgt, S
(Sls = )7

F1G. 1 — The expansion rules

Note that the logical rules are all non-destructive, i.e. they do not “consume” the expanded formula.*
They are subjected to the following applicability restrictions :

— The A-rule is applicable only if either @, F or @,G do not belong to S.

— The Vv-rule is applicable only if none of @Q,F and @,G belong to S.

— The O-rule is applicable only if @, F ¢ S.

— The ¢-rule is applicable only if F' is not a nominal and there is no nominal » such that @;Qu € S

LAn alternative is considered in Section 6.



and @, F € S.
— The label rule is applicable only if @, F ¢ S.
Moreover, although it is not necessary, we convene that the equality rule is applicable only if s # ¢.
When the {-rule is applied to expand a branch B, the function ~ associated to B is modified. First
of all, it is initialized to () for the newly introduced term ¢. Moreover, ¢ is recorded as a descendant of s
and all its ancestors. Formally, if -y is the function associated to 13 before the expansion, then the function
associated to B after the expansion is 4’ such that :

0 ifu=t
v'(u) = y(u)U{t} ifeitheru=sorsey(u)
v(u) otherwise

Intuitively, if t € y(s), then either ¢ has been newly introduced in the branch by application of the ¢-rule
to a formula of the form Q O F, i.e. t is a “child” of s, or ¢ is a child of a child of s, etc.

It is worth pointing out that, for every nominal s, (s) does not contain any nominal in Cp in any
tableau branch.

Let’s now turn to explain the equality rule. When it is applied to expand a node @ ¢, S, every occur-
rence of s in S is replaced by ¢ and every formula containing a descendant of s is deleted. The notations
used in the formulation of the rule are defined as follows :

— S[s + t] is obtained from S replacing every occurrence of the nominal s with ¢;

— if T is a set of nominals, then ST is the subset of S containing only formulae where no nominal

in " occurs.
Therefore (S[s — t])~7() is obtained from S by replacing s with ¢, and then deleting all the formulae
involving some descendant of s.

When the rule is applied, s is said to be replaced in the branch and nominals in «(s) that occur in
S[s > t] are called deleted in the branch. Let’s point out that nominals in Cp are never deleted.

Note that if nominals in y(s) were not deleted when applying the equality rule, i.e. if the simpler rule
isused :

Qt, S

S[s — ]

then tableau construction might not terminate. This is shown in Figure 2, where an infinite tableau is built
by use of the simpler equality rule? (and a particular rule application order). What happens there is that
each of the nominals %y, t9, t4, ..., before being replaced by s, generates its child, that begins to live its
own life. In the figure, the applied rules and the expanded formulae are shown on the right of inference
lines.

Figure 3 shows that the same initial set of formulae and the same rule application order produce a
finite tableau when nominals are deleted by the equality rule. The first application of the equality rule
deletes 1, since y(to) = {t1}. The next rule reintroduces #; as a child of s.*> The second application
of the equality rule deletes the nominal ¢35 € «y(t2). The last node S of the tableau cannot be expanded
because, except for formulae of the form @, ¢t, @, p (where u,t are nominals) and @,s, it contains :

2The rules used in this example, in particular the equality rule, are essentially (reformulations of) the rules of the system
defined in [9].

3Although a nominal new in the branch should be used instead of ¢;, we use here the same name for ease of comparison
with the tableau in Figure 2.



@;Qp andalso Q;Qt1, Qyp
Q@,(s A Op) andalso @gs and @,Op
@4, O(s A Op) andalso @y, Qs and Q,(s A Op)
Q@,0(s A Op) andalso @;s and @Q4(s A Op)
@;00(s A Op) and for all u such that @,;Qu € S (namely ¢; and s), S
contains also @, O (s A Op) : @y, O(s A Op) and @,O(s A Op)

@50(3 A Op)a @SDO(S A Op)

@sot()a @to (3 A Op)a
@50(3 A Op)a @SDO(S A Op)

@tosa @toopa @soto, @to(S/\Op)a
@50(3 A Op)a @SDO(S A Op)

@tootla @tlpa @t037 @toopa @Soth
Qo (s A Op), QsQ(s A Op), @O0 (s A Op)

@sotla @t1p7 @Sopa @5087 @S(SA Op)a
@;0(s A Op), @,00(s A Op)

@tIQ(S/\Op), @sotla @t1p7 @Sopa @803,
@3(3 N Op), @50(3 A Op), @SDO(S A Op)

@y, 0t2, @1, (s A Op), @y, O(s A Op),
@sotla @tlpa @Sopa @503;
@3(3 A Op), @50(5 A Op), @SDO(S A Op)

@msa @tzopa @t1<>t2a @t2 (8/\<>p),
@t1<>(3/\<>p)a @sotla @t1p7 @501), @SOS,
@5(3 A Op), @30(3 A Op), @SDO(S A Op)

(0 : @50(s A Op))

(/\ : @to (3 A Op))

(<> : @to Op)

(:: @tos)

(O: @s0t1,@,00(s A Op))

(0 : @, O(s A Op))

(A Qy(s AOp))

(<> : @t2<>p)
@t20t37 @tspa @tzsa @t2<>p7 @t1<>t2a
@t2 (S A Op)a @tlo(s A Op)a @sotl’ @tlp’ @sopa
Q;0s, Qg(s A Op), @;0(s A Op), @;00(s A Op) ays)
= &8

@sot?n @tgpa @Sopa @tlosa @3(8/\0])),
@t1<>(3 A Op), @sotla @tlp’
Q@;0s, Q;0(s A Op), @sO0(s A Op)

(O : @013, @Q,00(s A Op))

F1G. 2 — An infinite tableau where the equality rule does not delete nominals
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Q;Q(s A Op), @sO0(s A Op)
Q,Qtg, Qi (s A Op), @QsO(s A Op), @Q;00(s A Op)

@tosa @toopa @soth @to(S/\Op),
@50(3 A OP), @SDO(S A Op)

(0 : @;0(s A Op))
(A @ (s A Op))

(<> : @toop)
@tootla @tlpa @tos’ @toopa @SOth
@y, (s A Op), @s0(s A Op), @L00(s A Op) =, s
=: @y,s
@,0p, @,0s, @,(s A Op), t
Q,Q(s A Op), @Q,00(s A Op)
(<> . @sop)

@sotla @t1p7 @Sopa @8037 @S(S/\ Op)a
Q,0(s A Op), @Q,000(s A Op)

@tlo(S/\op)a @sotla @t1pa @sopa @8035
@s(s A Op)a @50(3 A <>p)7 @SDO(S A <>p)

@tlotQa @tz (S A <>p)7 @tlo(s A Op)a
@sotla @t1pa @sopa @5087
@5(3 A Op), @30(5 A Qp), @SDO(S A Op)

@tzsa @t2<>p1 @t1<>t25 @t2(3/\<>p),
@t1<>(3/\<>p)a @sotla @t1pa @sopa @5035
@3(3 A Op)a @30(3 A Op)’ @SDO(S A Op)

(O: @;0t1,@,00(s A Op))

(0 : @, 0(s A Op))

(A2 @y, (s A Op))

O 1@y, 0p)
@t20t3; @tapa @t237 @t2<>pa @t10t2a
@4, (s A Op), @ O(s A Op), @Qs0t1, Qpp, Q;0p,
Q;0s, Qs(s A Op), QsO(s A Op), @;T0(s A Op) aLs)
= W@y, S

@sopa @t1 037 @S(S A Op)a @t1<>(8 A Op)a
@sotla @t1p’ @sosa @80(3 A Op)a @SDO(S A Op)

Qgs, Q;Op, @t1<>sa @5(3 A Op)a @t1<>(3 A Op)a
@sotla @tlp’ @5031 @80(5 A Op)a @SDO(S A Op)

(/\ : @5(3 A Op))

Fi1G. 3 — A finite tableau with nominal deletion
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4 Termination

In this section we prove that tableau construction always terminates, independently of the rule appli-
cation strategy.

We shall make use of the notion of father of a nominal ¢ ¢ Cr introduced by application of the
Q-rule in a branch B : if ¢ is newly introduced in B by expanding a formula of the form @Q,QF,
then father(t,B) = s, and t is called a child of s. The set of children of a nominal in a branch is
children(s,B) = {u | s = father(u,B)}.

Formulae of the form @, (¢, for s, ¢ nominals, are called relational formulae.

The key result that ensures termination is a kind of “subformula property” enjoyed by the calculus.
In order to state it, we define the set S, containing every formula that can be obtained from a subformula
of some formula in the initial set, by replacing nominals with other nominals still occurring in the initial
set : when T' is a tableau rooted at .S,

Sy ={F | F=G[ti— ui,...,ty — uy] for some subformula G of some
A€ S, and uy,...,u, € Cr}

(t1,---,t, are nominals occurring in G). Note that, obviously, every nominal ¢ occurring in a formula of
S oceurs in the initial set (i.e. ¢ € C). Moreover, S7. is finite and closed with respect to subformulae.
The key property of the system, that will be extensively used in the sequel, is the following :

Lemma 1 (Quasi-subformula property) If T is a tableau, and @, F is a formula occurring in some
node of 7", then either @, F" is relational or I € S7..

Therefore any tableau contains a finite number of non-relational formulae labelled by the same
nominal. l.e. for every nominal s, the set

{Q@Q,F | @,F occurs in some node of T"and @, F is not relational }
is finite.

The result can easily be proved by induction on tableaux. The following properties are direct conse-
quences of Lemma 1 :

1. If @4t occurs in a node of T, then ¢ € Cp. Therefore, in the applications of the equality rule,
nominals are always replaced by nominals in C'r.

2. Anominal t ¢ C may occur in tableau nodes only in relational formulae, i.e. in the form @ (¢,
or as the label of a formula @, F' (where F' € S7. does not contain ¢).

Next, we have to prove that the number of nominals occurring in a tableau branch is finite. First of
all we note that, in a tableau branch B, a nominal s cannot generate more children than the number of
(non relational) formulae of the form @, F that occur in B, and they are finite (Lemma 1). In fact, let us
assume that a child ¢ of s is generated from @O F, with @Q,0¢ and @, F, in a node S, of B. Obviously,
if @0t and @, F keep on being present in all the nodes following S,, in B, then the restriction on
the applicability of the ¢-rule prevents @, F from generating a new child. Otherwise such formulae
disappear in a node S, in B. This can happen for two reasons : either because ¢ is replaced by another
nominal u, and in this case the presence of @, Qu and @, F' prevents a hew expansion of @Q,O F'; or else
because s itself disappears (either because it is replaced or because it is deleted), and in this case the
nominal s cannot be re-used in B to generate a new occurrence of @,( F', since nhominals generated by
the Q-rule are always new in the branch.

As a consequence :
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Corollary 1 For every branch B and nominal s, children(s, B) is finite.

Thanks to nominal deletion in the equality rule, the following result holds :

Lemma 2 If s and ¢ are nominals, ¢ ¢ C, and @t occurs in some node of a tableau branch B, then
s = father(t,B).

Proof. The result is proved by induction on the number of nodes between the root of 5 and the node
where @;{t occurs for the first time. The base of the induction is vacuously true, since every nominal
occurring in the initial formula belongs to Crr.

The only non-trivial case in the induction step is when the equality rule is applied :

Q,v, S
(S[u = v]) 77

(=)

Let @0t = QyuOt'[u — o] be a formula occurring in (S[u — »])~7® and not in S. Hence, either
s =wort = u(or both). If ' = u, then @0t = QuQu[u — v] = @,Qv; since @,v occurs in a
tableau node, by Lemma 1, v € Cp and there is nothing to prove.

So we are left with the case where s’ = w and t' # u, i.e. Q,0t = @,0t[u — v] = @,0t, with
t ¢ Cp. By the induction hypothesis, since @, 0t € S, u = father(t, B) ; hence t € y(u) is deleted by
the equality rule and @ ¢t cannot occur in (S[u — v]) 7).

The property stated in Lemma 2 ensures that nominals that do not occur in the initial formula can only
inherit formulae from their fathers. l.e. it cannot happen that a formula of the form @, F (for ¢t ¢ Cr)
appears in a tableau because it is obtained by application of the OJ-rule from some @,[F and @, {t
where v is not the father of ¢.

Let us now define the maximal modal degree of a nominal in a branch B as follows : if degree(F) is
the modal degree of F', then

Deg(s,B) = max{degree(F) | Q,F occurs in B}

It is worth pointing out that Deg(s, B) € IN, because the set of formulae labelled by s in B is finite, by
Lemma 1. From Lemma 2, it is easily proved that, for any tableau branch B and any chain of nominals
80, 81, 82, -.- With s; = father(s;+1, B), the maximal modal degree of s; is strictly decreasing. This is
what is stated by next Lemma, whose proof is again an induction on tableau.

Lemma 3 Let T be atableau and B abranch in T. If t ¢ Cp and father(t, B) = s, then Deg(t, B) <
Deg(s, B).

From this property it follows that :

Corollary 2 In any tableau branch B, every chain of nominals sy, s1, s2, ..., With s; = father(s;+1,B),
is finite.

An immediate consequence of Corollaries 1 and 2 (and the fact that C'- is finite) is :
Corollary 3 The number of nominals that occur in a tableau branch is finite. In particular, the “father-

of” relation arranges the set of nominals occurring in a tableau branch in a finite set of well-founded
and finitely branching trees.
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Therefore, in any tableau the number of relational formulae labelled by the same nominal s, i.e. formulae
of the form @, ¢, is finite. From this fact and Lemma 1, it follows that :

Corollary 4 For every tableau branch B and nominal s, the set
{F | @Q4F occurs in B}
is finite.
We have now all we need to prove that the system enjoys the strong termination property :
Theorem 1 (Termination) Every tableau is finite.

Proof. By Corollaries 3 and 4, if a tableau has an infinite branch B, then (by the applicability restrictions
on the rules and the fact that the logical rules do not consume their premisses) there is at least a formula
@, F' that is either deleted or modified by application of the equality rule, and then reintroduced in B. If
@, F is deleted, it is because s is deleted and the same nominal cannot be used again in the branch. If it
is modified, i.e. it becomes (QsF')[u — t] for some u and ¢, then every occurrence of w is replaced in
the same node, therefore, again, a formula containing « cannot be reintroduced by any expansion rule.*
Therefore, no formula can be deleted or modified in a branch, and reintroduced later on, so every tableau
branch is finite.

Let us now consider a possible extension of the system to HL(@, |), obtained by adding the follo-
wing rule :
Q| z.A,S
QsA[z — s],Q; | 2.4, S

(applicable only if A[z — s] € S). Now, obviously, Lemma 1 fails. This corresponds to the fact that the
binder “enables us to create a name for the here-and-now” [3]. Therefore, with unrestricted use of the
binder, an infinite number of “subformulae” of a given formula F' can appear in a tableau branch, each
using different nominals to instantiate state variables, even though F' refers to the corresponding states
only implicitly.

5 Soundness and Completeness

Soundness can easily be proved in the standard way, by showing that each rule preserves satisfiability.
In particular, the soundness of the equality rule is due to the following form of the substitution theorem :
if Fis a formula, M = (W, R, N, I) an interpretation and w € W, then for all nominals s, ¢ such that
N(s) =N(t), M,w = Fifand only if M, w = F[s — t].

The completeness proof also follows the usual technique of showing that :

Lemma 4 If B is a complete and open branch of a tableau rooted at Sy, then Sy is satisfiable.

Proof. Standard completeness proofs work by observing that the union of all the node labels in B is
downward saturated, and then showing that any such set has a model. In our case, the guideline is the
same, but deletion and replacement of nominals raise some difficulties, that are overcome by exploiting

“Note that we exploit here the fact that nominals introduced by the {-rule are new in the branch. Obviously, once termination
is proved, this restriction can be weakened to require only that such nominals are new in the node.
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the fact that B is finite. So we first consider the set labelling the last node of B, that is shown to be
downward saturated and, consequently, satisfiable. Then we show that satisfiability propagates upward
to the root node, if nominals that are deleted in B, and every formula containing them, are ignored. This
is sufficient because nominals occurring in the initial set are never deleted.

In what follows, we say that a formula F' occurs in B (and B contains F') to mean that F' occurs in
some node of 5.

Since B is finite by Theorem 1, B = Sy, S1, ..., Sk for some k. If B is open and complete, then Sy, is
downward saturated, i.e. :

1. Sy does not contain any formula of the form @;—s, and it does not contain two formulae of the
form @,p and @,;—p for some atom p.

If @Q;(A A B) € S, then @Q;A,Q,B € S.

If @Q;(AV B) € Sk, then either @;A € Sy or @Q,B € Sy.

If @,0A € Sy, (for A that is not a nominal), then there is a nominal ¢ with @Q;0t¢,@;A € S.
If @Q,0t, @,0A € Sk, then @, A € S.

If @,@;A € S, then @A € 5.

If Qst € S then s = t, otherwise the equality rule would be applicable to expand B.

We define the interpretation M’ = (W, R, N’ I) as follows :

N o g bk~ N

W = {s | soccursin Si};

R ={(s,t) | Q;0t € Sk};

for every nominal s occurring in Sy, N'(s) = s;
I(s) = {p| @sp € Sk}.

Exploiting the fact that S, is downward saturated, it can easily be proved by induction on A that if
@zA € Sk, then M’ N'(s) | A.

Next, we define an equivalence relation on nominals (with respect to the branch B) as follows : s ~ ¢
if @Q,¢ occurs in B. The relation = is the reflexive, symmetric and transitive closure of ~.

Since N’ is undefined for nominals that do not occur in Sy, we can safely extend it to interpret all
the nominals occurring in B. Let w* be any fixed element of W. Then N is the extension of N’ such that
for all nominals « occurring in B :

N'(u) ifu e W,ie woccursinSy
N(u) =< N'(r) ifforsomer e W, uxr
w* otherwise

It is clear that if @,¢ occurs in B, then N(s) = N(t), and if u is deleted in B3, then N (u) = w*.

If M = (W, R, N,I), obviously, it still holds that for every @;A4 € Sy, M, N(s) = A.

We now prove that the satisfaction property propagates upwards, restricting our attention to nominals
that are not deleted in 5. Let us say that M is a B-model of a node S of B if for every formula @, F € S
that contains only nominals that are never deleted in B, M, N(s) = F'. Then we show that, for every
i=0,..,k—1:

(e) if M isa B-model of S; 1, then M is a B-model of S;.

When i = 0 this is what we want, because the initial formula of the tableau contains only nominals in
Cr that are never deleted.
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In order to prove (e), the cases where S; 1 is obtained from S; by applying a logical rule are trivial,
since S; C S;+1. So the only non-trivial case is the equality rule, where :

S; = Q4,8
Siz1= (S'[s 1)) )

By the induction hypothesis, for every formula @,F € S;;1 = (S'[s — t])~"®) containing only
nominals that are never deleted in the branch, M, N (u) = F'. Note that all ¢; € y(s) occurring in S; are
deleted in B.

Since N(s) = N(t), by definition, M, N(s) |= t.

Let now @, A be a formula in S” = S; \ {@,t}, containing only nominals that are never deleted
in the branch. Then also (@, A)[s + t] contains only nominals that are never deleted in B; in fact,
the only nominal possibly occurring in (@, A)[s — ¢] and not in @, A is ¢, and t € Cp (Lemma 1),
so it cannot be deleted. Hence, by the induction hypothesis M, N (u[s — t]) = A[s — t], where
u[s — t] = tifu = s, and u[s — t] = u otherwise. By the substitution theorem, since N(s) = N(t),
M, N(u[s — t]) = A. If uls — t] = u, we are done. Otherwise, if u[s — t] = t then u = s, so
N(u[s — t]) = N(t) = N(s) = N(u). Hence, also in this case M, N(u) = A.

Completeness follows directly from Lemma 4.

Theorem 2 (Completeness) If S is unsatisfiable, then every complete tableau for S is closed.

6 Towards an implementation of the system

The expansion rules given in Section 3 have been formulated so as to keep their presentation simple,
and to ease the termination and completeness proofs. However, the applicability restrictions on the logical
rules are rather expensive, since they involve set-membership tests. In this section we briefly show how
the rules can be modified, getting closer to an implementation of the system.

To this aim, let us clarify the interplay between the rule applicability restrictions and non-destructiveness.
In the case of the modal rules, copying the expanded formulae in the lower nodes is essential to guarantee
completeness, since it may be necessary to expand them more than once. On the contrary, in the boolean
and label rules, one could well mark the expanded formula as “used” and do not expand it any more.
The reason why the formula is copied in the lower node is to ensure termination, avoiding unnecessary
re-applications of the modal rules.® If the expanded formulae were consumed by such rules, in fact, an
infinite tableau could be built for as simple a formula as @;{(p A ¢). In fact such a formula could be
expanded infinitely many times if the A-rule consumed its premisse @, (p A q) :

Q;0(p A q)
@;0t0, @ty (p A q), @50(p A g)
Qyop, Q1yq, @500, Qs Q(p A q)
Q;0t1,Qy, (p A q), Qpyp, Qpoq, Q5 Qt, QO (p A q)

(0)
A

(©)
(n)

SActually, it is necessary to keep only (boolean or satisfaction) formulae that are in turn produced by the application of a
modal rule.
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However, instead of marking boolean and label formulae as expanded, a different approach can be
followed. The boolean and label rules become destructive :

Boolean Rules Label Rule
Q,(FANG),S Qs(FV@Q),S Q,Q,F,S
Q,F,Q,G, S Q,F,S Q@,G, S QF,S

The O-rule stays unchanged, since, obviously, its premisses must not be consumed. In order to avoid
unnecessary re-applications of such a rule, it is sufficient to keep track of the nominals ¢ which have
“inherited” F' from a given formula of the form @,C0F, and establish that the [J-rule is never applied
more than once to expand the same pair of formulae (this is common practice in labelled modal systems).

Let us consider the ¢-rule. The reason why a formula of the form @, F may need to be re-used is
due to the equality rule : if s is replaced by ¢, then the children of s are deleted and information about such
“lost” children must be reproduced by expanding @;{ F[s + t]. The same behaviour can be obtained
by a different marking mechanism : when Q0 F is expanded, it stays in the lower node, but marked
as “used” (and marked formulae are never expanded). When the equality rule is applied to expand @ ¢,
every formula of the form @,Q F[s +— t] is unmarked in the lower node. The equivalence between the
system defined in Section 3 and its modified version presented here is straightforward.

As a final remark, we point out that when a nominal ¢ is deleted by the equality rule, it is not necessary
to perform an “occur check” on every formula of the set; in fact, thanks to Lemma 1, only formulae
labelled by ¢ and relational formulae of the form @;{t are to be deleted.

7 Concluding remarks

This paper introduces a tableau system for hybrid logic with the satisfaction operator that can be
used to decide validity/satisfiability of formulae in HL(@). The particular feature of the system is that
any tableau is finite, independently of any rule application strategy (in other terms, the calculus enjoys
strong termination), and finiteness does not depend on loop-checks. The same system can be used to
decide satisfiability of formulae in the fragment HL(@, |) \ {O1} }, namely the fragment of hybrid logic
with the satisfaction operator and the binder, where the binder never occurs in the scope of a [0 modality.
In fact, there exist satisfiability preserving translations of formulae in such a fragment into formulae in
HL(@)[7,9].

Other terminating tableau calculi for H L(@) with no loop-checking mechanisms have been defined
in the literature. In [8] a prefixed tableau system is defined, where “equalities” are treated by means of
two (four-premisses) rules. Termination is ensured only when a specific (and quite elaborated) tableau
construction strategy is followed. The calculus defined in [9] “internalizes” prefixes by means of the
satisfaction operator, yet the accessibility relation between states is represented by meta-linguistic ex-
pressions. Equalities are here treated by means of a substitution rule, which is the same as ours, but for
the fact that nothing is deleted (and a given order on nominals is assumed) : it essentially corresponds to
the “simple” equality rule used in the infinite tableau of Figure 2. In this case too, the termination of ta-
bleau construction is guaranteed only when following a rather complicated procedure. In both the above
mentioned works, moreover, only sketchy termination proofs are given, whose underlying intuitions are
rather obscure.

[6] gives modified versions of the systems in [8] and [9] (in both cases using prefixes and meta-
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linguistic expressions to represent the accessibility relation), as well as the system defined in [4].® For

all

the three calculi, termination of tableau construction relies on a loop checking mechanism, a stan-

dard technique used in connection with tableau systems for modal logics. Except for the treatment of
equalities, the third of the three calculi mentioned above is similar to ours and it would be interesting to
evaluate trade-offs and benefits of loop-checking on an empirical basis. As a next step of this work, we
are planning to build implementations of the systems with and without loop-checks, in order to be able
to compare their performances.
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