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The Turing machine gt

“an abstract machine that ma-
nipulates symbols on a strip of 1 0/1 1
tape according to a table of rules”

— Wikipedia

https://aturingmachine.com/ http://rubens.ens-lyon.fr/
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The busy beaver game

BB(n, m) = max number of steps taken by a halting

n-state, m-symbol Turing machine starting from all 0.

— bbchallenge.org

o
N

1 06 1 1 ‘ ‘ ‘

n = 3 states m = 2 symbols

Binary increment = not a champion : BB(2,3) = 38.
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Reaction svstems alphabet of symbols
Y finite background

inhibitors set of species
pV %
a:(R,IL,P,) R,I,P,CS
A N
reactants products

aisenabledinW CS iff R, CWand [ nW = @.
Application: res,(W) = P,.
@ a species is either absent or present in co amounts
@ species disappear by default

Reaction system: & = (S, A ={a, ay,... })
T

finite set of reactions
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Interactive processes
Driven by a context sequence: C,Cy,...,C, C S,

Cn
Context -
sequence . e
N o
9]
e, o)
<, o
\ =
Result =g
sequence N %
—
D, S
-
S <
tate >
Wo A W, W,
sequence

— www.reactionsystems.org

Wi =resy (G U D)

1
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Reaction systems only have 28l states.

The busy beaver game for reaction systems 77
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Generalized busy beaver game




The plan

Observe nonlocal properties

on an interactive process.

1. Observe nonlocal
property o.

2. Measure distance
between occurrences.

A.Alhazov R.Freund S.lvanov S.Verlan

oG,j)=17
[

YES

4
mij)
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C C
Context 0 °
sequence O\
2 ).e
>
e
Result RN \
sequence 2N
DIX
State
W, W,
sequence ° W, 2 n
J Wn

observer function

mass function
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Co
Context

I n p ut |_) Seed sequence O\\

Set Vi >0 : Cl = Q. Result

sequence

Dﬂ
C Only use C,. s i i} ]
0 sequence ¢ 1 2 n

resy

o(C,): all seeds obtained from C,
@ all context sequences (Cy, @, ..., @) of any length
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Busy beaver frame

Collects the essential ingredients for defining the
generalized busy beaver game.

partially ordered <

!
F = (p,m, M, size,n)

J :
observer function / A\ target sizen € N

mass function size function

. domain of m size : A >IN
m: N* — (M, ﬁ) T

all reaction systems
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A note on size

all reaction systems
i)
size : A >IN

Let o = (S, A) € A. Multiple options for size:

o size(f) = |5] number of species
o size(f) = |A] number of reactions
o size() = max{ |R,|,|[,|,|P,| | a= Ry, I;,P) € A}
° ...
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Generalized busy beaver game

read this way

o= )] e
Mo = Bmax | max yer{‘la {m(D) |/ € o(r,)}

compute this way
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Generalized busy beaver game

read this way
the interactive process

driven by y

positions at which

a measure on M\ \

7= max max min {m e o(r
My = Ihax | max yea(Co){ (D) ]/ € ()}

[\

a reaction system a context of &/ a seed starting with C
of size n

compute this way
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Uz breakdown

because reaction systems don’t halt

/

@ Fix o/ and a C;, minimize m over o(C):

p( A, Co) = yerg%go){m( )|/ € o(m)s

@ For o, take Cy maximizing ug(<, Cy):

pg(l) = max {uz (o, Co)}

@ Pick & maximizing ,[137(52?): the busy beaver champion

o = max
HF SRS () p()
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Concrete busy beaver games



Longest runs to @
because reaction systems don’t halt.

mlzen(o’j) = j - O

Fi(size,n) = (. m7. ,Z,size,n)

1, i=0<jand W, =0,

0, otherwise.

¢lr(”’ i,j) = {
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F;,. breakdown

@ Find the shortest time it takes </ to get from C to @:

pe, (4,Cy) = yéfi%a){mlzen( )| /€ o ()}

@ Find C yielding the longest shortest time to @:

pe, () = max {7, (,Co)}

@ Find &/ showing the largest longest shortest time to @:

= ma
HF, = e e, ()
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gper(Size, n) = ((Prpt’ mlzen, Z,size,n)

{1, i<j<land W; =W,

7,1, j _
(Prpt( ) 0, otherwise.
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Longest preperiods —

lszrppeT(Slze’ n) = (Qopper, mpper, Z, Slze, n)

1, l=0<]<kandW']:Wk’

77:5 i9 .3k = .
(Ppper( UL 0, otherwise.
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Fper breakdown
he preperiod
/t /

@ Find the shortest time to a repetition of states:

the period

.U%pper( ,Co) = yem%n {mpper( )| e Qopper(”y)}

©Q Find C, yielding the longest preperiod:
() = maxiugz (4 Co)}

pper pper
CoCSy

@ Find &/ showing the largest longest preperiod:

F = max
HF per JeFS(n ).U.f per(ﬂ)
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Some further variants
@ Use res(W;) = W, instead of W; = @.
» adult halting

@ Use [W;n W # @ instead of W; = W,
- partial equality

@ Observe a local property p : 2° — {0, 1}

1, i<j, p(i)=1and p(j) =1,

0, otherwise.

@loc(ps TT, 1, J) =
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size(d) = |Sy|



t-bit cyclic binary counter  a classic
S =1L [0 < i<t} (1101), > {13, 15, 1o}

(R, I, P)
keep; : 15 {15 {1 t>i>j20
keep 1; if 1; is set
1 ... 1 ... <« leastsignificant bit

positioni position j

set; + ({1;10 <j <i}, {1;} {1;}) t>i>0

set 1; if all 1; are set

...011...1 Ay :(501,{11{366171']', set;})

position i
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3-bit binary counter S ={1,,1;, 1y}

000 N {10}001
/ sety = (@,{15},{1}) \ietl {0 {0
{12, 1,, 10}111 {11}010
keepy, keepyy + ({115 {105 {1:})
keep,, v R
sitoI .
{1, 1,1 tedo}

keepzo : ({12},{10}:{12})
keepz\ keepy = (Uah tlih A1) )/ set, = ({14, 1o} {1,3,{1,D)

sety

101{12, 10} D {12}100
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Longest periods n = size(d) = |S|

oy, has one period traversing the entire 25

U

o1 has the longest period of length 2"
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Longest runs to @ n = size(f) = |Sy)|
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Longest preperiods n = size(A) = |Sy)|
Turn @ into a fixed point:
setg : (@,{1p},{10}) +— sety : ({x},{1o} {10}), x € So1

g, has the longest preperiod of length 2" — 1.
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A ,m: explicit traversal alternative

Order the subsets of S: W, W,, ..., W,

(W, S\ W, Wipy) 1<i< 2l
(W2|S|> S \ W2|S|, Wl)

A opum has the longest period of length 2151,

Number of reactions used for traversing all 2!5!:

denum 2|5|
Aoy O(SP)
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size(f) = |Syl

but no empty sets =@
(RRI,P): R+, I+, P=®



Preperiods and runs  n = size(«/) =[5, ~@
g, does not have sety : (@,{1p}, {1o})




Periods n = size(f) = |Syl, @

_res(@) =@

No empty sets no reactions enabled in @

= res(Sy) = @

all reactions inhibited in Sy

= |Longest period | < 2" — 2.

Explicit enumeration: order Wy, ..., Won_;, W; & {@, S}

Spum = Wi, S\ Wi, W) (Wys, S\ Wy, W)
1<i<2M |period| = 2" — 2
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Counter skipping @, Sy; n = size(</) = |5/, ~@
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Counter skipping @, Sy; n = size(</) = [5,/], @

Seti)c . ({X}, {10}: {10}) X € SOl
@ introduce 1) when 1, is absent

set; + ({1;1 0 < j <ih {1;},{1;}) 0<i<t
@ introduce 1; when all less significant bits are set

keepy - {1541, Lk {1 0<j<i<t

@ keep 1; if at least one less sig- 0<k<tkéed{ij}
nificant bit 1;is absent and one other bit 1 is absent

’ .
keepij ({1 1}, {1]'}, {1,}) 0<j<i<t

@ keep 1; in states only missing 1;
keep;; cover the cases keep,; don’t.
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size(A) = | A

number of reactions



t = size(A) = |A]
Methods for achieving e.g. longest periods:

t = |Al
Ko/ binary counter t(t+3)/2 = 0(t?)

o . . t
A onum  €xplicit enumeration 2

Improve O(t*)?
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Effective state space

The set of all states reachable by &/ = (S, A):
esp() = {resy(W) | W C Sy

Lemma

esp(A)Q{U P, | A’ QA}

acA’

Proof. All states in esp(&/) are unions of P,. Not all possi-
ble subsets A” C A can be enabled in astate W C Sy, L[]
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Size of the effective state space

Lemma

|esp(ﬂ)| < 2|A| < number of reactions

Proof. Follows from esp(A) C {{J,ca- Pa | A’ C A

When |A| « |Sg4l, |A| constraints |esp(&/)| more
strongly than [Sg|.
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size() = |Sy), size() = |A|, and oo

Fixed parameter Nb. reactions Nb. reaction systems
1Sl N, = 931541 9N

Al Ny = |4 00

Fixing |A| does not bound |S|

= 00 many reactions systems with a fixed Ny.
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Longest periods n = size(f) = |Al

all W; € esp()

Co Wi Wi

Cy may be out of esp()
Co & esp() = C, ¢ the period

|Longest period| < |esp(/)| < 2"
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Longest preperiods n = size(d) = |A|

The form of the longest preperiod:

Co W1
. — >
€ esp(H)
< olesp()| _ 1 = esp(ﬂ)

ILongest preperiod| < 1+ 2/esP()l _ 1 < on
|Longest run to @| < 2"
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Lower bounds? n = size(f) = |Al

Conjectures

@ Periods, preperiods, runs of length [

= at least log[ reactions.

@ Busy beaver champions are variants of the

binary counter.
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Conclusions + Future work



Main contributions

@ Seeded interactive processes to mimic Turing

machine runs.

© Busy beaver frames and the generalized busy

beaver games.

@ Busy beaver champions (size(/) = |Sy|) and
bounds (size() = |A]).
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Future work

@ Further bounds and champions
» more precision for size(f) = |A|
» other sizes, e.g. measuring individual components of
the reactions

» computational complexity of identifying champions

@ Programmatic enumeration
» inspired by bbchallenge.org

@ Origins of Life

2025-11-21
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The Meaning of Life

Busy beaver champions ~ Fittest organisms?



Parallel with biology

Reaction systems are originally inspired by biochem-

ical systems.
Everything is finite” in physics, biology, and reaction
systems. “ may be debated

No halting, open interactive processes.

No structure, no space, no multiplicities

* variants exist
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Very high-level image, not a model

Only a parallel: resource-consuming dynamical systems

No faithful representation of structure, processes, quan-
tities, concentrations, etc.

* Segretain, R., Trilling, L., Glade, N., Ivanov, S.: Who plays complex music? In:
21st IEEE International Conference on Bioinformatics and Bioengineering, BIBE
2021 (2021)

@ Glade, N.: Le Vivant Rare, Faible et Amorphe Evolution depuis les Origines
jusqu’ala Vie telle qu’elle nous Apparait. Habilitation thesis (HDR), Grenoble (2022).

@ Alhazov, A., Ivanov, S., Orellana-Martin, D.: Queens of the hill. J. Membr. Com-
put. 6(3), 193-201 (2024)

@ Alhazov, A., Freund, R., lvanov, S., Orellana-Martin, D., Ramirez-de-Arellano,
A., Rodriguez-Gallego, J.: P systems with reactive membranes. J. Membr. Comput.
6(2), 82-93 (2024)
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Directions of interest

@ Different competition criteria as a representation of

natural selection

@ Variations of complexity
» structural complexity: e.g., reactions
» algorithmic/decision complexity e.g., of identifying the

champions

@ Emergence of auto-catalytic loops
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